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1 Tokuyama formula
$G$ $T$ $G$ $W$ $G$ $T$
$\Phi^{+}$
Theorem 1.1 ( ) $X\sim T$) $\lambda=\in X^{*}(T)$
$L_{\lambda}$
$\chi_{\lambda}$
$\chi_{\lambda}(t)=\frac{\sum_{w\in W}\epsilon(w)t^{w(\lambda+\rho)}}{\sum_{w\in W}\epsilon(w)t^{w\rho}}$ $(t\in T)$ .
$p= \frac{1}{2}\sum_{\alpha\in\Phi+}\alpha$ $\epsilon$ : $Warrow\{\pm 1\}$
$G$ $GL(r+1, \mathbb{C})$
$\lambda_{1}\geq\lambda_{2}\geq\cdots\geq\lambda_{r+1}$ (1.1)
(partition) $\lambda=(\lambda_{1}, \cdots, \lambda_{r+1})\in Z^{r+1}$
$\chi_{\lambda}$ $g\in G$ $z_{1},$ $\cdots,$ $z_{r+1}$
$\chi_{\lambda}(g)=s_{\lambda}(z_{1}, \cdots, z_{r+1})$ .
$s_{\lambda}$ Schur $z_{1},$ $\cdots,$ $z_{r+1}$ $G=$
$GL(r+1, \mathbb{C})$ Weyl
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Theorem 1.2
$s_{\lambda}(z_{1}, \cdots, z_{r+1})=\frac{\det(z_{i}^{\lambda_{j}+r-j})}{\det(z_{i}^{r-j})}$ . (1.2)
$z=$ $(z_{1}, \cdots , z_{r+1})$ (1.2) Vandermonde
$\prod_{i<j}(z_{i}-z_{j})s_{\lambda}(z)=\det(z_{i}^{\lambda_{j}+r-j})$ . (1.3)
Tokuyama (1.3) t-deformation Gelfand-Tsetlin pattern
(Gelfand-Tsetlin pattern 4 (4.1) ).
Theorem 1.3 (Tbkuyama $f_{07}nula$)$[6](1.1)$ partition $\lambda,$ $\rho=(r, r-1, \cdots, 0)$
$GT_{\lambda+\rho}$ top row $\lambda+\rho$ strict Gelfand-Tsetlin pattem $\mathcal{T}\in GT_{\lambda+\rho}$
left-leaning $l(\mathcal{T})$ , right-leaning $s(\mathcal{T}),$ $\mathcal{T}$ $d_{k}(\mathcal{T})$
$\prod_{i<j}(z_{j}+tz_{i})s_{\lambda}(z)=\sum_{\mathcal{T}\in GT_{\lambda+\rho}}t^{l(\mathcal{T})}(t+1)^{s(\mathcal{T})}(\prod_{k=1}^{r+1}z_{k}^{d_{k}(\mathcal{T})-d_{k+1}(\mathcal{T})})$ . (1.4)
Tokuyama formula (14)
$t=-1$ $G=GL(r+1, \mathbb{C})$ (13)
$t=0$ Schur $t=1$
Stanley $t=-q^{-1}$ Casselman-Shalika formula ([4])
Tokuyama formula
1 $)$ Okada(1993) [7] $\lambda=0$ Tokuyama formula alternating sign matrix
[7] $A$ $B,$ $C,$ $D$
Theorem 1.4 $[7J\mathcal{A}_{n}$ $n\cross n$ alternating sign matrix $A=(a_{ij})\in$
$i(A)= \sum_{i<k,j>l}a_{ij}a_{kl},$ $s(A)$ $A$ $-1$ $\delta(\mathcal{A}_{n-1})=^{t}(\frac{n-1}{2} , \frac{n-3}{2}, \cdots , -\frac{n-1}{2})$
$\prod_{i\triangleleft}(z_{i}+tz_{j})=\sum_{A\in A_{n}}t^{i(A)}(t+1)^{s(A)_{Z}\delta(A_{n-1})-A\delta(A_{n-1})}$
.
2 $)$ Hamel-King (2007) six vertex model
six vertex model
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3 $)$ Bump-Nakasuj $i$ (2010) $t=-q^{-1}$
([2]).
Theorem 1.6 $\mathcal{B}_{\lambda+\rho}$ $\lambda+\rho$ crystal, $\mathcal{T}_{-\lambda-\rho}$ $-\lambda-\rho$
1 crystal $G_{\Omega}$ Tokuyama
$\prod_{i<j}(z_{i}-q^{-1}z_{j})s_{\lambda}(z)=\sum_{v\in B_{\lambda+\rho}\otimes \mathcal{T}_{-\lambda-\rho}}G_{\Omega}(v)q^{-\langle wo(wt(v)),\rho\rangle_{Z}wo(wt(v))}$
.
Schur $s_{\lambda}(z)$ factorial Schur $s_{\lambda}(z|\alpha)$
Tokuyama formula Brubaker-Bump-Friedberg([l]) 2)
2 Tokuyama formula
factorial Schur $\alpha=(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{n})$ Schur shift
Biedenharn Louck $(\alpha_{n}=1-n$
) Gelfand-Tsetlin pattern Macdonald
Goulden-Greene $\alpha$
$\alpha_{1},$ $\alpha_{2},$ $\alpha_{3},$ $\cdots$
$z\in \mathbb{C}$
$(z|\alpha)^{m}=(z+\alpha_{1})\cdots(z+\alpha_{m})$




factorial Schur $A_{\mu}$ partition $\lambda=$ $(\lambda_{1}, \cdots , \lambda_{r+1})$ ,
$p=(r, r-1, \cdots, 0)$ :
$s_{\lambda}( z|\alpha)=\frac{A_{\lambda+\rho}(z|\alpha)}{A_{\rho}(z|\alpha)}$ .
$\alpha=(0, \cdots, 0)$ (1.2) factorial Schur Schur
(six vertex model) $O$ ,
H 2
$H$ $O$ 2 ( ) Figurel





5 v( ) $\beta(v, \epsilon)$
$Z= \sum_{5}\prod_{v}\beta(v,\epsilon)$
$\rho=(r, r-1, \cdots, 0)=(\rho_{1}, \rho_{2}, \cdots, \rho_{r+1})$ $\rho_{i}^{*}=\rho_{i}+1$ partition
$\lambda=(\lambda_{1}, \cdots, \lambda_{r+1})$ 1 $r+1$ $(\lambda_{1}+\rho_{1}^{*})$
1 $r+1$ $\lambda_{1}+\rho_{1}^{*}$
$\oplus$ , $\ominus$
$(\lambda_{i}+\rho_{i}^{*})$ $\ominus$ , $\oplus$
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$\lambda$ (state) $z_{1},$ $\cdots$ , $Z_{r+1}$
$\alpha_{1},$ $\alpha_{2},$ $\cdots$
$t$
$i$ $j$ $i,$ $k$ Figure2
2
(system) $\lambda$ $t$ $\mathfrak{S}_{\lambda,t}$






(Theorem 2.1) six vertex model Yang-Baxter
Figurel 6 ( )
$a_{1}(v),$ $a_{2}(v),$ $b_{1}(v),$ $b_{2}(v),$ $c_{1}(v),$ $c_{2}(v)$ $v$
$a_{1}(v)a_{2}(v)+b_{1}(v)b_{2}(v)-c_{1}(v)c_{2}(v)=0$
ee-fermionic
Theorem 3.1 (Yang-Boxter equation, [$1J,$ $[3$, Theorem $4J$) $v$ $w$ ee-femonic
$v,$ $w$ $u$
$a_{1}(u)=a_{1}(v)a_{2}(w)+b_{2}(v)b_{1}(w)$ , $a_{2}(u)=b_{1}(v)b_{2}(w)+a_{2}(v)a_{1}(w)$ ,





Figure2. vrr $(i, k, t)$ $v_{\Gamma}(i, k, t)$ $u=$ vrr $(i, k, t),$ $v=$
$v_{\Gamma}(i,j, t),$ $w=v_{\Gamma}(k,j, t)$ Theorem 3.1









system $\mathfrak{S}$ $i$ $i+1$ vrr $(i, i+1, t)$
system $(tz_{i}+z_{i+1})Z(\mathfrak{S})$
Figure2 Theorem 3. 1
system (3. 1) system $\mathfrak{S}’$ $i$ $i+1$
vrr $(i, i+1, t)$ Yang-Baxter
system $(tz_{i+1}+z_{i})Z(\mathfrak{S}’)$
Gelfand-Tsetlin pattern $ij$ six vertex model system $i$
Lemma 3.3 $\lambda$ dominant $\lambda_{1}>\lambda_{2}>\cdots$ . $\lambda$









$t$ degree $\frac{1}{2}r(r+1)$ Lemma 33 Gelfand-
Tsetlin pattern $t$ degree top row $\lambda+\rho$ strict
Gelfand-Tsetlin pattern $\frac{1}{2}r(r+1)$
degree (3.3) $t$
Lemma 34 (3.3) $t$ $t=-1$
Lemma 33 $t=-1$ system Gelfand-Tsetlin
pattern $1\leq i\leq r+1$ $i+1$ $i$
$i+1$ $k$ $\mu_{k}$ Gelfand-Tsetlin pattern
system
2






$\sigma$ $\{$ 1, 2, 3, $\cdots,$ $r+1\}$ permutation $i$ 1 $\sigma(i)$
$\lambda_{i+1}$ $\mu_{k}=(\lambda+\rho)_{\sigma(i)}$
$Z( \mathfrak{S}_{\lambda,-1})=\pm\sum_{\sigma\in S_{r+1}}(-1)^{l(\sigma)}\prod_{i}(z_{i}|\alpha)^{(\lambda+\rho)_{\sigma(i)}}=\pm A_{\lambda+\rho}(z)$
. (3.4)
(3.4) factorial Schur (3.3) $\pm s_{\lambda}(z|\alpha)$
$t=0,$ $z_{i}=1$
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Theorem2.1 $t$ factorial Schur
$t=0,$ $t=\infty$
Gelfand-Tsetlin pattern $1\leq i\leq i\leq r$ $p_{i,j}\geq p_{i,j+1},$ $p_{i,j}\geq pi+1,j\geq pi,j+1$
$\{p_{ij}\}$ $n=r+1$
$\mathfrak{T}=\{\begin{array}{llllll}p_{11} p_{12} \cdots p_{1n} p_{22} p_{2n} \ddots p_{nn} \end{array}\}$ (4.1)
$p_{ii}>p_{i,i+1}>\cdots>p_{in}$ strict pattern $p_{i,j}$
$p_{i-1,j-1}>p_{i,j}$ special Gelfand-Tsetlin pattern
Gelfand-Tsetlin pattern $\mathfrak{T}_{\lambda+\rho}$ ( $i$- ) $\rho_{n-i+1}=(n-i+1,$ $n-$
$i,$ $\cdots,$ $1)$ Gelfand-Tsetlin pattern(top row $\lambda$ ) $\mathfrak{T}_{\lambda}$
$\lambda=(4,2,0),$ $n=3$ Gelfand-Tsetlin pattern
$\mathfrak{T}_{\lambda+\rho}=\{7 5 44 3 1\}$ $\mathfrak{T}_{\lambda}$ $\mathfrak{T}_{\lambda}=\{4 3 23 2 0\}$
$\mathfrak{T}_{\lambda}$ shape $\lambda$ semi-standard Young tableau $T(\mathfrak{T}_{\lambda})$
$T(\mathfrak{T}_{\lambda})$ $i$- $i$- $T(i,j)$ $T^{*}(i,j)=T(i, j)+j-i$ $i$- $i$-
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Macdonald([6]) factorial Schur $(z|\alpha)^{T}$
Theorem 4.1 $([6J)\lambda$ partition
$s_{\lambda}( z|\alpha)=\sum_{T}(z|\alpha)^{T}$ .
Theorem 2.1 $t=0$
$t=0$ Figure2 $\ovalbox{\tt\small REJECT}^{i}$ $0$
$6_{\lambda,0}$ Gelfand-Tsetlin pattern $\mathfrak{T}_{\lambda+\rho}$ $pi-1,j-1=p_{i,j}$
pattern (special Gelfand-Tsetlin pattern) $\mathfrak{s}=\mathfrak{s}(\mathfrak{T}_{\lambda+\rho})$ special Gelfand-









$x_{1},$ $\cdots,$ $x_{n+m}$ $y_{1},$ $\cdots,$ $y_{n+m}$ $x_{i}(1\leq i<n+m)$ $f$
divided difference operator
$\partial_{i}f(x_{1}, \cdots, x_{n+m})=\frac{f-s_{i}f}{x_{i}-x_{i+1}}$ .
$s$ $x_{i}$ $x_{i+1}$ $w\in S_{n+m}$ $w$
simple reflection (reduced expression) $w=s_{i_{1}}$ . . . $s_{i_{k}}$
$\partial_{w}=$ 1 $\partial_{i_{k}}$ $\partial_{i}$ braid relation well-defined $w_{0}$ $S_{n+m}$
long element double Schubert polynomial ([5]):
$\mathfrak{S}_{w}(x, y)=\partial_{w^{-1}w_{0}}(\prod_{i+j\leq n+m}(x_{i}-y_{j}))$ .
Theorem 4.2 [3, Theorem $6J$ factorial Schur double Schubert polynomial
:
$\mathfrak{S}_{w_{\lambda}}(x, y)=s_{\lambda}(x|-y)$ .
staircase partition $\lambda$ $\lambda’$
conjugate partition staircase shape $(\lambda_{1}+n, \lambda_{1}+n-1, \cdots, \lambda_{1})’$ box
$\{1, 2, \cdots, \lambda_{1}+n\}$ semi-standard Young tableau
$\lambda=(5,4,1)$ staircase
Lemma 4.3 [3, Proposition 17 $\lambda$ dominant $\lambda_{1}>\lambda_{2}>\cdots$ .
$\lambda$ six vertex model system $\mathfrak{S}_{\lambda,t}$ box $\lambda+\rho+(1)^{n}$
1 $\lambda_{1}+n$ staircase bijection
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[5, Theorem 1] Lascoux double Schuber polynomial staircase
Lemma 43 bijection
Theorem 4.4 Figurel $v_{\Gamma}(i,j, t)$ 1, 1, $1,$ $-z_{i}/\alpha_{j+1}-$
$1,$ $z_{i}/\alpha j+1,1$ system $\mathfrak{S}_{\lambda,\infty}’$
$Z( \mathfrak{S}_{\lambda,\infty}’(z,\alpha))=\frac{z^{\rho}}{(-\alpha)^{(\lambda+\rho)’}}s_{\lambda}(z|\alpha)$ .
Lascoux Theorem 2.1
Proof. Theorem 2.1 Tokuyama-type formula $t$ :
$( \frac{z_{i}}{t}+z_{j})s_{\lambda}(z|\alpha)=\frac{Z(\mathfrak{S}_{\lambda,t})}{t}$ .
Figurel 1, $z_{i}/t-\alpha_{j+1},1,$ $z_{i}+\alpha_{j+1},$ $z_{i}(1+$






1, 1, $1,$ $-z_{i}/\alpha_{j+1}-1,$ $z_{i}/\alpha_{j+1},1$ system $6_{\lambda,\infty}’$
( 23840035)
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